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Abstract. In this paper we reconstruct minimal complex surfaces of general 
type with pg = 1, q = 0, and 1 < < 2 using a Q-Gorenstein smoothing 
theory. Furthermore, we also construct a new family of simply connected 
surfaces with pg = 1, g = 0, and 3 < < 6 using the same method. 



1. Introduction 

Complex surfaces of general type with pg — 1 and q — have been drawn 
attention because they provide counterexamples to the Torelli problems. All such 
surfaces are constructed by classical methods: Quotient and covering. Kynev [6] 
constructed a surface with = 1 as a quotient of the Fermat sextic in by 
a suitable action of a group of order 6. According to Catanese [2], all minimal 
surfaces of general type with pg — 1 and = 1 arc diffeomorphic and simply 
connected. Catanese and Debarre 3 constructed surfaces with = 2 by double 
coverings of the projective plane or smooth minimal K3 surfaces. In fact, they 
classified such surfaces into five classes according to the degree and the image of 
the bicanonical map. Four of them are simply connected and the other one has a 
torsion Z/2Z. Todorov 13J constructed surfaces with 2 < < 8 by considering 
double covers of K3 surfaces. His examples with 3 < < 8 have big fundamental 
groups. 

In this paper we construct minimal complex surfaces of general type with pg = I, 
(7 = 0, and 1 < < 6 by a Q-Gorenstein smoothing theory. In particular, we 
construct simply connected surfaces with 1 < < 6 and a surface with = 2 and 
Hi = Z/2Z. We use a similar method in [5]: We blow up an elliptic K3 surface in a 
suitable set of points so that we obtain a surface with a very special configuration 
of rational curves. Inside this configuration we find some disjoint chains which 
can be contracted to special quotient singularities. These singularities admit a 
local Q-Gorcnstcin smoothing, which is a smoothing whose relative canonical class 
is Q-Carticr. Finally, we prove that these local smoothings can be glued to a 
global Q-Gorenstein smoothing of the whole singular surface by showing that the 
obstruction space of a global smoothing is zero. Then it is not difficult to show that 
a general fiber of the smoothing is the desired surface. The key ingredient of this 
paper is to develop a new method for proving that the obstruction space is zero 
because the Lee-Park's method in |8^ for a computation of the obstruction space 
cannot be applied to our cases; Section 3. 
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In Section [2] we reconstruct complex surfaces with pg = 1, q = 0, and — 2: A 
simply connected surface and a surface with Hi = Z/2Z by using a (generalized) 
rational blow-down surgery. We prove in Section [3] that the obstruction space of a 
global smoothing of the singular surface constructed in Section[2]is zero. In the final 
section, we also construct various examples of simply connected complex surfaces 
satisfying pg — 1, q = 0, and 1 < < 6. 

Acknowledgement. The authors would like to thank Professor Yongnam Lee for 
some valuable comments on the first draft of this article. Jongil Park was supported 
by the Korea Research Foundation Grant funded by the Korean Government (KRF- 
2008-341-C00004). He also holds a joint appointment at KIAS and in the Research 
Institute of Mathematics, SNU. 

2. A Construction of surfaces with pg = 1, q = 0, and K'^ = 2 

In this section we construct a simply connected minimal surface of general type 
with Pg = 1, q = 0, and = 2. We start with a special rational elliptic surface 
£■(1). Let Li, L2, L3, and A be lines in and let i? be a smooth conic in 
intersecting as in Figure [H A). We consider a pencil of cubics {A(ii + L2 + L3) + 
fj.{A + B) I [A : /x] G P^} in P^ generated by two cubic curves Li + L2 + and 
A + B, which has 4 base points, say, p, q, r and s. In order to obtain an elliptic 
fibration over P"'^ from the pencil, we blow up three times at p and r, respectively, 
and twice at s, including infinitely near base-points at each point. We perform one 
further blowing-up at the base point q. By blowing-up totally nine times, we resolve 
all base points (including infinitely near base-points) of the pencil and we then get 
a rational elliptic surface E{1) with an /g-singular fiber, an /2-singular fiber, two 
nodal singular fibers, and four sections; Figure [ijB). 



Let y be a double cover of the rational elliptic surface E{1) branched along two 
general fibers. Then the surface Y is an elliptic K3 surface with two /g-singular 
fibers, two /2-singular fibers, four nodal singular fibers, and four sections; Fig- 
ure [2l^ A). In the following construction we use only one /g-singular fiber, one nodal 
singular fiber, and three sections; Figure [2l[B). 

Let T : V ^ Y he the blowing-up at the node of the nodal singular fiber and 
let E be the exceptional divisor of r. Since Ky — 0, we have Ky — E. Let 




(a) A pencil 



(b) E(l) 



Figure 1: A rational elliptic surface E{1) 
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(a) The fibration structure of Y 




(b) A part of Y 

Figure 2: An elliptic K3 surface Y 



D = Di + ■ ■ ■ + Dq he the part of the /g-singular fiber. Let Si {i — 1, 2, 3) be the 
sections of the fibration V ^ and set S = Si + S2 + S3. Let F be the proper 
transform of the nodal fiber of the K3 surface Y; Figure [3l 




Figure 3: A surface V = Y'iF' 



We blow up the surface V three times totally at the three marked points • and 

blow up twice at the marked point 0. We then get a surface Z; Figure [H There 

exist three disjoint linear chains of P^'s in Z: 

-3 -6 -2 -3 -2 -4 -2 -2 -3 -2 -4 
— — — — 0, — — — — 0, o. 



Main construction. By applying Q-Gorenstein smoothing theory to the surface 
Z as in [SI [m [12], we construct a complex surface of general type with pg = 1, 
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Figure 4: A surface Z = yjjeP 



(7 = 0, and — 2. That is, we first contract the three chains of P-'^'s from the 
surface Z so that it produces a normal projective surface X with three permissible 
singular points. In Section [3] we will show that the singular surface X has a global 
Q-Gorenstein smoothing. Let Xt be a general fiber of the Q-Gorenstein smoothing 
of X. Since X is a (singular) surface with = 1, g = 0, and K"^ = 2, by applying 
general results of complex surface theory and Q-Gorenstein smoothing theory, one 
may conclude that a general fiber Xt is a complex surface of general type with 
Pg — 1, q = 0, and = 2. Furthermore, it is not difficult to show that a general 
fiber Xt is minimal and simply connected by using a similar technique in 111! I12j . 

Remark. Catanese and Debarre [3] proved that surfaces of general type with pg ^ 1, 
q = 0, and = 2 are divided into five types according to the degree and the image 
of the bicanonical map. Four of them are simply connected and the other one has 
a torsion Z/2Z. It is an interesting problem to determine in which class the simply 
connected example constructed in this section is contained. We leave this question 
for the future research. 

2.1. An example with = 2 and Hi = Z/2Z. We construct a minimal com- 
plex surface of general type with pg — 1, q = 0, = 2, and Hi ~ Z/2Z. Let A, 
Li {i — 1,2,3) be lines on the projective plane and B a nonsingular conic on 
P^ which intersect as in Figure A) . Consider a pencil of cubics generated by the 
two cubics A + B and Li + L2 + L3. By resolving the base points of the pencil 
of cubics including infinitely near base-points, we obtain a rational elliptic surface 
£^(1) with an Jy-singular fiber, an /2-singular fiber, an cusp singular fiber, a nodal 
singular fiber, and five sections as in Figure [5jB). 

Let y be a double cover of the rational elliptic surface £'(1) branched along 
two general fibers near the cusp singular fiber. Then Y is an elliptic K3 surface 
with two /7-singular fibers, two /2-singular fibers, two cusp singular fibers, two 
nodal singular fibers, and five sections. We use only two Jy-singular fibers, two 
/2-singular fibers, and two sections; Figure[6UA). We blow up eight times totally at 
the eight marked points •. We then get a surface Z; Figure [6l^B). There exist six 
disjoint linear chains of P^'s in Z: 



We now briefly explain how to prove that the complex surface obtained by the 
above configuration has Hi = Z/2Z. Let Lt {i = 1, . . . , 6), Mj {i = 1, . . . , 6), Nk 
{k = 1, 2) be the parts of the /7-singular fibers and the /2-singular fibers of the K3 
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(b) z = yttsp^ 



Figure 6: An example with Hi = Z/2Z 



surface Y and let S*; (/ = 1, . . . , 4) the four sections of Y; Figure [6l^A) . The matrix 
whose entries are the intersection numbers of Li, Mj, N^, and Si is invertible. 
Therefore the Picard number of the K3 surface Y is at least 18. Furthermore, 
during the fiber sum surgery, four new homology elements, say Ti,...,T4, are 
constructed. Two elements among the four elements are represented by tori and the 
other two elements are represented by spheres. Therefore the homology H2(Y,7j) 
are generated by the eighteen (— 2)-curves Li, Mj, Nk, Si, and the four new elements 
Tjn- Hence the homology H2{Z,Z) are generated by the proper transforms of Li, 
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Mj, Nk, Si, Tm, and the eight exceptional curves. Then, by using a similar method 
in [II [To] , it is not difficult to show that the complex surface obtained by the above 
configuration has Hi = Z/2Z. 

3. The Existence of Q-Gorenstein smoothings 

This section is devoted to the proof of the following theorem. 

Theorem 3.1. The singular surface X constructed in the main construction in 
Section\^has a global Q-Gorenstein smoothing. 

For this, we first briefly review some basic facts on (Q-Gorenstein smoothing 
theory for normal projective surfaces with special quotient singularities (refer to [8] 
for details). 

Definition. Let X be a normal projective surface with quotient singularities. Let 
X ^ A (or X/A) be a flat family of projective surfaces over a small disk A. The 
one-parameter family of surfaces X —f A is called a Q-Gorenstein smoothing of X 
if it satisfies the following three conditions; 

(i) the general fiber Xt is a smooth projective surface, 

(ii) the central fiber Xq is X, 

(iii) the canonical divisor /a is Q-Cartier. 

A Q-Gorenstein smoothing for a germ of a quotient singularity (Xq, 0) is defined 
similarly. A quotient singularity which admits a Q-Gorenstein smoothing is called 
a singularity of class T. 

Proposition 3.2 ([3 [9]). Let (Xo,0) be a germ of two dimensional quotient sin- 
gularity. If {Xo,0) admits a Q-Gorenstein smoothing over the disk, then {Xo,0) is 
either a rational double point or a cyclic quotient singularity of type ^j^(l, dna — 1) 
for some integers a, n, d with a and n relatively prime. 

—4 —3 —2 —2 

Proposition 3.3 ([SJ[S]). (1) The singularities o and o — o — o - 
are of class T. 

(2) If the singularity — • • • — o'^ is of class T, then so are 

o— o— o — o and o — o — • • • — o 

(3) Every singularity of class T that is not a rational double point can be obtained 
by starting with one of the singularities described in (1) and iterating the steps 
described in (2). 

Let AT be a normal projective surface with singularities of class T. Due to the 
result of KoUar and Shcpherd-Barron [5], there is a Q-Gorenstein smoothing locally 
for each singularity of class T on X. The natural question arises whether this local 
Q-Gorenstein smoothing can be extended over the global surface X or not. Roughly 
geometric interpretation is the following: Let UcVa be an open covering of X such 
that each Va has at most one singularity of class T. By the existence of a local Q- 
Gorenstein smoothing, there is a Q-Gorenstein smoothing Va/ A. The question is if 
these families glue to a global one. The answer can be obtained by figuring out the 
obstruction map of the sheaves of deformation = Ext^i^x, Ox) for i = 0, 1, 2. 
For example, if AT is a smooth surface, then is the usual holomorphic tangent 



-2 
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-2 
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sheaf Tx and — — 0. By applying the standard resuh of deformations to a 
normal projective surface with quotient singularities, we get the following 

Proposition 3.4 (14, §4]). Let X be a normal projective surface with quotient 
singularities. Then 

(1) The first order deformation space of X is represented by the global Ext 1-group 

=Ext^(r!x,Ox). 

(2) The obstruction lies in the global Ext 2-group = Ext^(f2x7 C^jf )• 

Furthermore, by applying the general result of local-global spectral sequence of 
ext sheaves to deformation theory of surfaces with quotient singularities so that 
El''' = i?P(T|) ^ T^+«, and by W{T\^) = for i,j > 1, we also get 

Proposition 3.5 ([9l I14j). Let X be a normal projective surface with quotient 
singularities. Then 

(1) We have the exact sequence 

-> H^T'^x) --'^x^ ker[iJ"(ri) H^iT'^x)] 
where H^{T^) represents the first order deformations of X for which the sin- 
gularities remain locally a product. 

(2) If H^(T^) = 0, every local deformation of the singularities may be globalized. 

As mentioned above, there is a local Q-Gorenstein smoothing for each singularity 
of X due to the result of Kollar and Shepherd-Barron [S] . Hence it remains to show 
that every local deformation of the singularities can be globalized. Note that the 
following proposition tells us a sufficient condition for the existence of a global 
Q-Gorenstein smoothing of X. 

Proposition 3.6 ( 8 ). Let X be a normal projective surface with singularities 
of class T. Let tt : V ^ X be the minimal resolution and let A be the reduced 
exceptional divisor. Suppose that H'^ {Ty {— log A)) = 0. Then H^{T^) = and 
there is a Q-Gorenstein smoothing of X . 

Furthermore, the proposition above can be easily generalized to any log resolu- 
tion of X by keeping the vanishing of cohomologies under blowing up at the points. 
It is obtained by the following well-known result. 

Proposition 3.7 ([4, §1]). Let V be a nonsingular surface and let A be a simple 
normal crossing divisor in V . Let f : V' V be a blowing up of V at a point p of 
A. Set A' = f-\A)red- Then {Tv log A' )) = h^{Tvi- log A)). 

Therefore Theorem 13.11 follows from Proposition 13.61 and the following proposi- 
tion: 

Proposition 3.8. {Ty {- log{D + S + F))) = H"{nv(log{D + S + F)){E)) = 0. 

The idea of the proof is as follows: There is an exact sequence of locally free 
sheaves 

6 3 

O^riv^ f^v(log(i? + 5 + F)) ^ Od. ® Os, ®Of^0. 

1=1 1=1 

By tensoring OviE), we have an exact sequence 

6 3 

^ nv{E) ^ r!y(log(D + S + F)){E) ^ Ou. ® Os. ® Of{E) ^ 0. 

i=l i=l 
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Since H°{nv{E)) = 0, the proof of Proposition 13.81 is done if we show that the 
connecting homomorphism 

6 3 
1=1 i=l 

is injective. 

The proof of Proposition 13.81 begins with the following Lemma. We have a 
commutative diagram 



(3.1) 



i=l 



i?" (Oz, J e (Os. ) © if" [Of (E) ) H\nv{E)) 

i=l i=l 

Lemma 3.9. The composition map 

6 3 



is injective. 



Proof. Note that the map ci is the first Chern class map. Since the intersection 
matrix, whose entries are the intersection numbers of Di (i = 1, ... ,6), Sj (j — 
1,2,3), and F, is invertible, their images by the map ci are linearly independent. 
Therefore the map ci is injective. 
Consider the commutative diagram 





H'^inv^OEiE)) 



® H^'iOsJ ® H°iOF) H\n, 



0g"(0zjj®0g°(0s.)®g°(0f(i^)) H\nv{E)) 

1=1 i=l 

where the vertical sequence is induced from the exact sequence 

^ H°{^v ® Oe{E)) ^ H\nv) ^ H\nv{E)) i H\nv ® Oe{E)) 0. 
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Claim: The connecting homomorphism 6 : H'^{flv ®Oe{E)) H^{ilv) is the first 
Chern class map of Ov{E): Since H'^{il.E ^ Oe{E}) = 0, we have an isomorphism 

H\Oe{-E) ® Oe{E)) ^ H°{nv ® Oe{E)). 

Here the above map is given by Zq, (g) i-^ | | , where Za is a local equation of 

E. Therefore the connecting homomorphism S : H'^{flv ® Oe{E)) H^{^lv) is 
given by 

dzg \ ^ {dza_ _ dzfA _ I 

Za j \ Za Zp } \ \Z[}J \Zp 

which is the first Chern class map of Ov{E). This proves the claim. 

Since E is the exceptional divisor, it is independent of the other divisors in 
H^{flv)- Therefore imci flimJ = 0; hence the composition map (3i oci is injective. 

□ 



We now concentrate on the following restriction map d'l of the map di in (|3.ip : 

d[:H°{OF{E))^H\ny{E)), 

which is also regarded as a connecting homomorphism induced from the exact 
sequence 

^ 17y -> flvilogF) ^ Of ^ 

tensored by Oy [E] . 

Lemma 3.10. We have [VLy [log F){E)) = 0. 

Proof. Let C be a general fiber of the elliptic fibration (p : Y ^ . By the 
projection formula we have 

H"^ {^v {log F){E)) (Z H'\nv{F + E)) = H'^{nv{T*C - E)) 

C H^\nv[T*C)) = H'^iY.nYiC)). 

On the other hand it is not diflicuh to show that H°{Y, firCC)) = 7f°(P\ f^pi (1)) = 
by a similar method in [5| Lemma 2]. Therefore the assertion follows. □ 

By the above lemma, we have the following commutative diagram of exact se- 
quences: 

(3.2) 



H"(<nv ISOe(.E)) H^iClvdogP) (S> Oe(E)) 



H°{Of) 



H°(Of(E)) 



Pi 

■ Jfl(nv(logF){£;)) 
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Lemma 3.11. h°{nv{\ogF) (g) Oe{E)) = 1. 
Proof. Let 

r : QvilogF) (giOs^^E® Oe{F) 

be the restriction to the subsheaf Q.v{\ogF) of the restriction map r (g) id : ^v\e ® 
OE{F)-^nE®OE{F). 

Claim, kerr ^ Oe{—E): Let zi, Z2 be the local equations of F, E, respectively. 
Note that the restriction map r : ^v\e ^ is defined by 

r : adzi + bdz2 = adzi. 

Hence the map r is defined by 

_ f-dzi - \ _dzi 

r a h oaz2 — a . 

\ zi J zi 

It follows that kerr — kerr = Oe{—E). 
By the claim we have 

ker[r ® id : f^y(logF) ® Oe{E) ^ ® Oe{F + E)] = Oe{-E) Oe{E) = Oe. 

Hence we have the exact sequence 

0^ H^{Oe) ^ H"{nv{log F)®Oe{E)) ^ H"{im{r^ id)). 

Since H^\im{r (g id)) C H°{nE Oe{F + E)) = 0, the result follows. □ 

Lemma 3.12. The composition map 

7 o d'l : H°[Of{E)) H\nv ® Oe{E)) 

is surjective. 

Proof. On the second column in ([3?2l) . we have ® ©£;(£;)) = 1, h^iflv) = 21, 

h^{nv(^OE{E)) = 2. Hence h^iflviE)) = 22. Since /i°(C'f) = 1 and h"{OF{E)) = 
3, it follows from the first and the second columns that {il.v {log F)) — 20 and 
h^{nvilogF){E)) = 19. Therefore, on the third column, we have h^{flv{logF) (g) 
OEiE)) = because h°{nvilogF) ® OsiE)) = 1 by Lemma [SHI Hence /^z is 
surjective. 

Note that i?"(C'F) C (3i{H\nv)) nker a2 in H^i^lviE)). On the other hand, 
since ai and /?2 are surjective, we have 

(a2o/3i)(i/i(r!y)) = (/32oai)(i/i(r!y)) =i/i(r!y(logF)(S)). 

Therefore dim[/3i(i/i(f^y)) n kera2] 1; hence H^{Of) = n kera2 in 

H^iQviE)). Thus 

dim[/3i(i7i(r!v.)) ni7"(OF(^))] = 1- 

Since ker7 — im/3i, we have dim[ker7 n H'^{OFiE))] = 1; hence the composition 
7 o d[ is surjective because h°[OF{E)) = 3 but h^{nv ® Oe{E)) = 2. □ 
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Proof of Proposition\3M Set K = H"{Qv{log{D + S + F)){E)). We want to show 
that K = 0. Consider the commutative diagram 



H"{nv s> Oe(e)) 



31 



5~ K ■ 



6 y di 



Let {l,vi,V2} he a basis ior H° {Of (E)), where 1 is a basis for H°{Of) = C. By 
Lemma [3. 121 the images t o di (v-i ) and 70^1(1)2) span H^ifly <E)Oe{E)). Therefore 
they are hnearly independent in H^{flv{E)) and they are not contained in the 
kernel of the map 7. On the other hand 

6 3 
© i/0(O5j © if°(OF) C ker7. 

1=1 1=1 

Therefore the map di is injective; hence K = kerdi = 0. □ 



4. Simply connected surfaces with pg = 1, q = 0, and I < K'^ < 6 

In this section we construct various examples of simply connected minimal sur- 
faces of general type with pg ^ 1, q ~ Q and 1 < < 6. Since all the proofs 
are basically the same as the case of the main construction, we describe only com- 
plex surfaces Z which make it possible to get singular surfaces X with permissible 
singularities. 

4.1. An example with ~ 1. Let Y be the K3 surface described in Section (5] 
We blow up the surface Y totally three times at the three marked points •; Fig- 
ure[7{A). We then get a surface Z; Figure [7fB). There exist two disjoint linear 
chains of P^'s in Z: 

-3 -2 -2 -3 -2 -5 -3 
— — — 0, — — 0. 

Remark. According to Catanese [2] , all minimal surfaces of general type with pg = 1 
and = 1 are diffcomorphic and simply connected. Hence the example above is 
automatically simply connected. However we can prove the simply connectedness 
directly by using similar techniques - rational blow-down surgery, Milnor fiber 
theory, and Van-Kampen Theorem - in [8l [Til [H] ■ 
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4.2. An example with = 3. Let A, Li {i = 1,2,3) be lines on the projective 
plane and B a nonsingular conic on which intersect as in Figure^ A) . Consider 
a pencil of cubics generated by the two cubics A + B and Li + L2 + L3. Blow up 
the five base points • of the pencil of cubics including infinitely near base-points 
at each point. Then we obtain a rational elliptic surface E{1) with an /g-singular 
fiber, /3-singular fiber, three nodal singular fibers, and five sections which intersect 
as in Figure [8fB), where we omit one nodal singular fiber and one section which 
are not used in the following construction. 




(a) A pencil (b) E{1) 



Figure 8: A rational elliptic surface E{1) for = 3 



Let y be a double cover of the rational elliptic surface E{1) branched along two 
general fibers. Then Y is an elliptic K3 surface with two /e-singular fibers, two 
/3-singular fibers, six nodal singular fibers, and five sections. We use only two /g- 
singular fibers, one /3-singular fibers, one nodal singular fibers, and four sections; 
Figure H; A). 

We blow up the surface Y six times at the six marked points • and twice at the 
marked point 0. We then get a surface Z; Figure OJB). There exist four disjoint 
linear chains of P^'s in Z: 

-5 -2 -6 -2 -2 -2 -2 -3 -4 -2 -3 -4 -3 -3 
— — — — — 0, — — 0, — — 0, — 0. 
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(b) z = yjtsp^ 
Figure 9: An example with = 3 



4.3. An example with = 4. Let A and L be lines on the projective plane 
and B a nonsingular conic on which intersect as in Figure [TOT A). Consider 
a pencil of cubics generated by the two cubics A + B and 3L. Blow up the three 
base points of the pencil of cubics including infinitely near base-points at each 
point. Then we obtain a rational elliptic surface £^(1) with an E^g-singular fiber, an 
/2-singular fiber, two nodal singular fibers, and three sections; Figure fTOl B'). 




(a) A pencil (b) E{1) 

Figure 10: A rational elliptic surface E{1) for = 4 



Let y be a double cover of the rational elliptic surface £'(1) branched along 
two general fibers. Then Y is an elliptic K3 surface with two i?6-singular fibers, 
two J2-singular fibers, four nodal singular fibers, and three sections. We use only 
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two i?6-singular fibers, two /2-singular fibers, one nodal singular fibers, and three 
sections; Figure fTlTA) . 

We blow up the surface Y totally 16 times at the marked points. We then get a 
surface Z; Figure [TITBV There exist six disjoint linear chains of P^'s in Z: 

-2 -10 -2 -2 -2 -2 -2 -3 -2 -8 -2 -2 -2 -3 
o — o — — — — — — 0, — — — — — 

-3 -2 -2 -3 -2 -5 -3 -4 -4 
o — o — o — o. o — o — o. o, o. 




4.4. An example with — 5. Let Y be the K3 surface used in Section [^TTl We 
use only two /7-singular fibers, two /2-singular fibers, one nodal singular fibers, and 
three sections; Figure [TWA') . 

We blow up the surface Y totally 15 times at the marked points. We then get a 
surface Z; Figure fTSTB). There exist seven disjoint linear chains of P^'s in Z: 

-2 -3 -8 -2 -2 -2 -3 -3 -7 -2 -2 -2 
— — — — — — — 0, — — — 

-3 -5 -3 -2 -3 -3 -4 -4 -4 
— — — 0, — 0, o, o, o. 

4.5. An example with = 6. Let Y be the elliptic K3 surface described in 
Section [21 We use only two /8-singular fibers, two /2-singular fibers, one nodal 
singular fibers, and three sections; Figure [TST A) . 
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We blow up the surface Y totally 18 times at the marked points. We then get a 
surface Z; Figure [TWB). There exist five disjoint linear chains of P^'s in Z: 

-2 -2 -3 -9 -2 -2 -2 -2 -3 -4 
o — o — o — o — o — o — o — o — o — o, 

-2 -3 -7 -2 -2 -3 -3 -7 -2 -2 -2 
o — o — o — o — o — o — o, o — o — o — o, 

-4 -3 -2 -4 
o — o — o , o . 
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